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A NEW METHOD OF REINFORCING A
HOLE EFFECTING LARGE WEIGHT SAVINGS*

S. K. DHIRt and J. S. BROCKl

Naval Ship Research and Development Center,
Washington D.C. 20007

Abstract-A new method of reinforcing a hole in a flat plate under uniaxial tension is proposed in which the
reinforcing material is present on the boundary of the hole only in the regions containing high stresses. Since the
reinforcement is discontinuous, its amount, which varies along the arcs of the hole, is represented by a Fourier
series in the analysis of the stresses. The stresses are determined by the use of two complex potential functions
in series form. The series are truncated at the point whereafter any additional terms do not produce any significant
change in the magnitude of the stresses. Numerical values are given for the case of a circular hole with various
types of reinforcements. Finally, it is shown that this type of reinforcement can effect approximately 60 to 70 per
cent savings in weight along with a 30 to 35 per cent savings in the welding and about 10 per cent reduction in
the maximum stress as compared to the conventional all around reinforcement.
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Area of cross section of the reinforcing ring
Constants in potential functions
Constant
Maximum value of F(O)
Height of reinforcement
Constants in the Fourier Series
Forces on reinforcement element
Radius of circular opening
Ratio of area replaced to area removed (A/Rt)
Applied tensile stress at infinity
Thickness of plate
Complex plane (X + iy}
Curvilinear coordinates
Angular dimensions of reinforcement
Complex plane (ediP)

Polar Angle
Poisson's ratio
Boundary value of ( at a; '= 0
Curvilinear stresses
Linear and angular increments
Reinforcement function
Potential functions in z-plane
Potential functions in !,'-plane
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INTRODUCTION

THE use of reinforcements at the boundaries of various kinds of openings is common
practice in ship and aircraft construction. Beginning with the Kirsch [1J solution of a
circular hole in an infinite plate under uniaxial tension, many other papers [2 7J are
documented in the literature which deal with the boundary value problem of the rein
forcement of a circular opening in a flat plate under various loading conditions. In the
above investigations the reinforcement of the circular opening is accomplished by means
of a continuous ring, doubler plate or combination ring and doubler plate which extend
uniformly around the periphery of the opening. This constitutes indiscriminate use of
reinforcing material since a substantial proportion of this material is distributed in regions
of low stress. The reinforcing material in the low-stress region is effectively wasted. Such
ineffective use of material is a disadvantage and a severe limitation for an optimum design.
especially for weight critical structures such as high speed destroyers, surface effect ships.
deep submergence vehicles, etc.

In view of the above it appears logical to reinforce the opening only in the regions of
high stress rather than providing conventional all around reinforcement. An obvious
advantage of this new type of reinforcement is realized in large weight savings.

The principal objective of this paper is, therefore. to determine the stresses around
any general shaped opening in a large flat plate under uniaxial load when the opening is
reinforced only in certain discrete regions. viz. the highly stressed regions.

The method of solution is based on the approach developed by Muskhelishvili [gJ
for solving the plane elasticity problems and the following assumptions:

1. The plate is thin compared to the other dimensions and extends to infinity in both
x- and y- directions.

., The plate material is elastic, isotropic and homogeneous.
3. The reinforcing material is the same as that of the parent plate and is concentrated

on the boundary of the opening (compact reinforcement).
4. The reinforcement can be subject to hoop stresses only and has no bending stiffness.

The first two are the usual assumptions for a generalized plane stress system within
the theory of elasticity. The third assumption is clearly justified since the opening is usually
large compared to the reinforcement. The last assumption is based on the findings of
References [5J and [6J, which suggest that the effect of bending stiffness on the overall
stress field is of second order. The effect of nonuniform stiffness of reinforcement is assumed
to be small as in Reference [9J.

The cross sectional area of the reinforcement at any specific point on the boundary
of the opening is assumed to be a function of the angular coordinate and can have any
desired distribution. The method developed in the present paper is general so that it is
applicable to an opening of any shape. As an illustration of the method the case of a circular
opening is considered in detail. The numerical values for the boundary stresses are given
for a number of reinforcement distributions. Finally. it is shown that. by this method. not
only large savings in the weight of reinforcement but also substantial savings in the amount
of welding and a simultaneous reduction in the magnitude of maximum stress can be
realized.
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BOUNDARY CONDITIONS

261

Figure 1 shows an opening of general continuous shape which is reinforced in the
region 1 2 3. There is no reinforcing material present in 3 1. The forces acting on an element,
ds, of reinforcement are shown in Fig. 2. If this boundary is to be in elastic equilibrium
the following equation must hold true.

8Fo d- s+Sods = 0
(Is

Ro ds-Fo dfJ = 0

Ro = (J,t

So = r,pt.

(II

Furthermore, the circumferential strain in the reinforcement must be the same as that
in the adjoining plate boundary, therefore

(2)

'1

t

,0
2

FIG. I. Reinforced hole.

FIG. 2. Forces on boundary.
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where A is the cross-sectional area of the reinforcement.
From equations (1) and (2) it follows that

A

(3)

(4)

(3a)

(5)

with
A

F(9) = d {
s A--- + v-

djJ {

the boundary conditions represented by equations (3) can be conveniently written as

(J" = F(9)(Jp

Tall = -~(~[~;F(9)(TfJl

The function F(9) will be referred to as the reinforcement function. The solution of the
problem is thus contained in the analysis of the equations (3al.

REINFORCEMENT

The reinforcing function F(9) can be represented as a complex Fourier series such that

F(.9) = ±(Ln(Jn+~~)
n=O (J

where (T is the boundary value of the function, = e+ ifJ for (l = 0 and Ln, Mn are the
constants, possibly complex, in the expansion. It may be pointed out that a suitable choice
of the constants L n , Mn will permit reinforcements of any size and distribution within
the region 0 to 2n. The above series, equation (5), can be suitably truncated to obtain any
desired degree of accuracy for a particular desired distribution of the reinforcing material.

DETERMINATION OF STRESSES

The stress components in a cartesian plane defined by z = x + iy are given by

(Jx+(Jy 2[q/(z) + <;o'(z)]

(Ty-(Jx+2iTxy = 2[z<;o"(z)+lj/(z)]
(6)
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where a prime (') indicates differentiation with respSlct to the argument of the function
and a bar (-) is the conjugate complex.

In order to solve problems for general shapes.of the boundary, use may be made of
conformal mapping of the boundaries onto the unit circle, such that

~ = z((). (7)

With the application of equation (7) it is simple to show that the following equations
hold good at the boundary' = (J

For a particular coordinate system defined by equation (7) it can be shown that

C 1 C

CS (~'z')t efr

(8)

(9)

Equations 3(a) permit the representation of (Ja and raP in terms of the stress (JII' the
radius of curvature of the actual opening and the reinforcement function F(9). The second
of equations (8) is a representation of the combination stresses (J, - irali exclusively in
terms of the boundary values of the potential functions q>(O and '/f(O and the mapping
function z((). Therefore we have the following equivalence at ( = (J

(10)

where (J p is given by first of equations (8).
Since the functions cp(() and lj;((), whose boundary values at ( = (J are q>(J) and lj;(J),

are analytic on the outside of the unit circle in the (-plane, the two functions q>(O and lj;(O
can be conveniently represented in the following form

(
V ToC[v ~ an]

cp d = 4 ~+ f (n

T, C[ T bJ~/(() = _0_ _ 2 e - 2iao (+ " -.-!'4 . 1.., vn
o ~

(11 )

where To is the uniform tension at infinity at an angle CXo to the x-axis and C is a constant.
The solution of the problem is now reduced to the determination of the complex constants
an and bn which can be easily realized by using one of the methods due to Muskhelishvili.
After the constants an and bn have been determined equations (8) can be used to obtain
the individual stress components.
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REINFORCED CIRCULAR HOLE

As shown in Figs. 3a and 3b the reinforcement function F(9) has the value zero from 0
to y and increases linearly to a maximum value D at n12- {30 whereafter it remains con
stant up to n12. From a practical standpoint the reinforcement function F(9) has been
chosen to have a double symmetry. For the present case of a circular hole equation (4)
will reduce to

F(9) =

A

Rt

A
l+v

Rt

(I21

__~r
y

r<: .
77 jf-Y rr
"2 +f3o

FlG. 3. Reinforced circular hole.

since dsld{3 is the radius of curvature R of the circular hole. The dimensionless quantity
A/Rt now becomes the ratio of the area of cross section, A, of the reinforcement (area
replaced) to the cross sectional area, Rt, removed due to the hole. Equation (12) can be
rearranged as

A F(9)
R =-=--"--.

e Rt I-vF(9)
(13)

Equation (13) clearly shows that the ratio R e of area replaced to area removed remains
constant for a constant value of F(9). However, if F(9) is linearly varying then R" is non
linear; the departures from linearity are small and can be computed for individual cases.



A new method of ' ~inforcing a hole effecting large weight savings 265

The function F(8) as shown in rig. 3 can be represented by equation (5) if Mn = L n (sym
metry requirement)

n+ 2(/30 - y)
Lo = ~-----:4-n--

( - l)n cos 2n/30 - cos 2ny 1
L 2n = ,n ~

nn2 [n-2(/30+Y)]
(14)

L 2n - 1 = O,n ~ 1.

Some reinforcements, having distributions other than shown in Fig. 3 and, which are of
academic interest are when the amount of reinforcing material varies according to a cosine
distribution. For example if Lo = - L 2 has a non-zero value K and all the other Ln are
zero, then

F(8) = K(I-cos 28). (15)

On the other hand if

(16)
n~2

4KL =(_I)n+l n>1
2n-l n(2n-3)(2n-l)(2n+l)' -

then F(8) will be zero from 0 to n/4, vary according to K(1 +cos 48) from n/4 to (3n/4)
and remain zero from (3n/4) to n. It may be pointed out that all the above reinforcement dis
tributions have a frequency 2 with a period n within the region 0 to 2n.

The outside of a circular hole of radius R can be mapped onto the outside of unit circle
in the (-plane by

z = R(. (17)

The value of the constant C is equations (11), for this case, becomes R. Equation (10)
which is the boundary condition for any general shaped hole, in the present case, reduces to

(18)
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where
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K" (l-n)L"

Kn (1 +n)L"

Either by successive integration of equation (18) around the unit circle or by equating
to zero the sum of the coefficients of equal powers of (1', we obtain

L

b l + L o(b 1 +bd+ I (2m-I)Lm(am -l +am-rl = 4Lo+2L2(e2ia"+e-2iaO)_2
m=l

00 fl

Q"-l + I (2m-l)(Lm-"Qm-l +Lm+nam-l)+ L (2m-l)L,,-mlim-l
m=l m= I

1/2:

(19)

flzl

where ()m,,, is the Kronecker delta.
Equations (19) can now be broken into two sets by separating the real and imaginary

parts of the system. It can be easily shown that if Clo = 0 the imaginary part of the system
vanishes and the real system becomes

(l+2Lolb 1 + I2(2m I)Lmam- 1 = 4Lo+4L 2 -2
m.:;;::l

h".c 1 = nil" I .. 2()" .., . 11 2: I

The above infinite system of linear algebraic simultaneous equations i!\ very intncate
Therefore it was necessary to truncate the above system such that it could be programmed
and solved on a digital computer. The system was truncated at a point where acceptabk
convergence was obtained and any further additional terms did not produce any significam
change in the magnitude of the stresses. Stresses WIth absolute magnitudes grcatt:r than
0'1 are computed to an accuracy of at least 0·3 of 1 per cent for To = I. These stresses arl:
therefore numerically equal to the stress concentration factors.

RESULTS AND DISCUSSION

Although a large number of variations are possible in the distribution of the reinforcing
maieriaL only those which appeared important from a practical standpoint were studied.
These cases are enumerated in Table 1 together with the tangential stress at IT./2 and tht:
local maximum tangential stress. The last column of Table 1 shows the percentage of
the weight of reinforcement saved when compared to the all around reinforcement of
case 14 with the exception of case 7 where the comparison IS based on an all around
R. 7_ 1·0. Case 14 of all around reinforcement check,;; with the resulh of rcfcrcncc h
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TABLE I. SUMMARY OF RESULTS

No. R, Po }' (Jp Local maximum Weight*
Deg. Deg. at [) = Ti/2 Up and remarks saving

0/
/0

I 0·4 0 0 1·562 1'659(800j 50
2 0·4 0 30 ',467 1·672(700j 67
3 0·4 0 45 "356 2'588(45°j 75
4 0-4 5 35 1'489 1'623(Wj 67
5 0·4 7 37 1·489 1-602(65°} 67
6 0-4 10 30 1·556 1'548(70°) 61
7 1·0 10 30 1·053 1'830{300l 61
8 0·4 10 35 1-535 1-584(35°; 64
9 0·4 15 30 1-590 1-465(W) 58

to 0-4 15 35 1·571 1'696(35°) 61
11 0·4 0 0 1·612 Smooth cosine 50
12 0-4 0 45 1-359 2-53(50°). Cosine 75
13 0·4 45 44 1-655 3-894(40°) 49
14 0-4 90 0 1-702 All around
15 0·4 5·73 26-97 1-532 1,606(7]0) 62
16 0'4 9'55 32-7 1·538 1'558(69°) 63

* The numbers in this column refer to the percentage of the weight saved compared to the all around rein-
forcement.

The boundary stresses uIT.' up and Lrz{J were computed at intervals of 5 degrees for the
cases listed in Table 1. The sample values of UIT.' up and LIT.P are given in Table 2 for case 16.
The last column in Table 2 shows the values of the reinforcing function F(8). In accordance
with one ofthe boundary conditions given by the first ofequations (3a), F(9) when multiplied
with up should give (fa at the boundary of the hole. This served as a good check on the
computations and is evidenced in Table 2.

TABLE 2. SAMPLE VALUES OF STRESS FOR CASE 16 OF TABLE I

9 (fa (fp TajJ F(9)

0 0 -0-8983 0 0
5 0 -0-8678 0 0

to 0 -0_7702 0 0
15 0 -0-5895 0 0
20 0 -0-3036 0 0
25 0 0'1159 0 0
30 0 0·7842 0 0
35 0·0190 1-2746 -0-482 0'0171
40 0·0649 1-2068 -0-5766 0·0546
45 0-1198 1·3055 -0,6670 0'0920
50 0'1812 1'3977 -0,7280 0-1294
55 0·2463 1-4726 -0-7555 0·1668
60 0-3121 1'5261 -0-7476 0-2042
65 0·3755 1-5550 -0-7033 0-2416
70 0'4335 1'5565 -0,6231 0-2790
75 0·4831 1-5296 -0-5071 0·3163
80 0·5210 '-4759 -0-3444 0·354
85 0·5426 1'5198 -0'1598 0-3572
90 0'5496 1'5381 0 0·3571
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Figures 4-8 show the distribution of the boundary stress and the reinforcement function
F(8) along the periphery of the opening for most of the cases given in Table 1. In the
Fourier series expansion of the reinforcement function F(8), 95 non-zero terms had to
be retained in order to closely approximate the desired shape. However, the discontinuities
in the function F(8) due to sudden changes in the amount of reinforcement were auto
matically removed because of the truncation. This is clearly indicated in the u/i-curves
which do not approach infinity (theoretical value of the stress at discontinuities) but only
show a light stress concentration. A quantitative relationship between this local stress
concentration and the degree of smoothing of reinforcement due to truncation can be
established by properly analyzing the truncated function F(8) and correlating it with the
computed stress concentration. For reinforcements such as case 13 generous fillet welds
should be used to avoid localized stress concentration. In general, the stress Up appears
to be always negative at 8 = 0, which is expected since .9 = 0 coincides with the direction
of the load. With increasing value of\9, (JPpasses through zero and reaches a local maximum
in the vicinity of the beginning of the reinforcement, passes through another local maxi
mum and a local minimum in the neighborhood of the point where F(,9) assumes a constant
value and finally up assumes its value at 8 = n12, which in the conventional types of all
around reinforcement happens to be the point of maximum stress.

It is interesting to note that in spite of the smoothness afforded by the cosine distribu
tion of the reinforcement function F(8) the stress in cases 11 and 12 are not particularly
superior or desirable. This can be explained by the fact that a cosine distribution does not
represent a streamlined shape and therefore is still subject to stress concentrations. case 12
of Fig. 7.

It appears from Figs. 4 through 8 that the l1p-stress distribution is quite sensitive to
the slope of the function F(8) between the two points where the reinforcement begins
and becomes constant. This behavior has a close relationship with the theory of flank
angles in notches and fillets. The local stress concentration at the beginning of the rein
forcement is a function of the flank angle formed by F(9) at that point. This can be observed
in Fig. 5 where increasing the amount of reinforcement from R" = 004 (case 6) to R" = \·0
(case 7) decreased the flank angle and hence the stress concentration was increased. An
inspection of Firs. 4 through 7 shows that for the same flank angle the maximum stress
concentration 0,'[, Llrs for larger values of ')'. This is quite obvious since the nominal stress.
boundary stress at the point without reinforcement, for a circular opening is larger for
larger values of I'. It is. therefore. imperative to properly select the point where to begin
the reinforcement. Near optimum conditions can be arrived at by investigating various
combinations of R". fJo and I'·

Out of all the cases considered case 16 appears to be the most favorable from a stress
point of view. The magnitudes of the parameters flo and }' for case 16 were the results of
following consideration.

From a designer's standpoint it is more desirable to describe the dimensions of the
reinforcement as fractions or multiples of the dimensions of the opening. Figure 9(al
shows a circular opening of radius R symmetrically reinforced on the arcs 2 3 .:+ 5 and
2' 3' 4' 5'. The cross hatched portion 2345432 of Fig. 9(b) is the development of the
reinforcement .2 3 4 5 (neglecting the nonlinearity of R,,) of Fig. 9(a) on a plane. The
height II of the reinforcement can be suitably chosen depending on the thickness of the
parent plate. The area 1 34643 1 would be the development of the reinforcement if il
were all around the opening. The savings in the weight of the reinforcement can be easily
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FIG. 9. Reinforcement of case 16.

shown to be approximately 63 per cent, which is substantial. As a fringe benefit the maxi
mum stress also comes down from 1'702 (case 14) to 1·558 which amounts to about 9 per
cent reduction. From a technological standpoint welding between the points 12 and 5 6
will also be saved which is approximately 36 per cent. The maximum value of the ratio Re

of area of reinforcement (area replaced) to area removed, as given by equation (13) can
also be represented by

R = (~-1)!.-
e t R (21)

where T is the thickness of the reinforcing material. Assuming Re = 0'4 and hit = 11,
which are realistic values, it easily follows that TIR = 0·04 which of course agrees with
the assumption of a compact reinforcement. From a constructional standpoint the above
type of reinforcement with its many advantages is no more complicated than a con
ventional all around reinforcement.

Finally, it may be pointed out that assuming Re to be linear is not necessary but only a
simplification which does not introduce large errors.

CONCLUDING REMARKS

A general method has been deduced for a new type of reinforcement of holes in large
plates. An optimum or near optimum design for the reinforcement can now be achieved
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by the proper distribution of the reinforcing material. As an example of this method the
case of a circular hole has been investigated and the numerical results are included. In a
typical case 63 per cent of the weight of the reinforcing material and 36 per cent of the
welding necessary can be saved and in addition the magnitude of the maximum stress can
be reduced by 9 per cent as compared to the case of all around reinforcement.

This type of reinforcement may prove to be particularly useful in weight critical struc
tures.

Acknowledgment-The authors wish to express their sincere appreciation to the Naval Ship Engineering Center
for sponsoring the research embodied in this paper.
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A6cTpaKT-npeAJIaraeTClI HOBbIH MeTOA yCHJIeHHlI OTBePCTHlI B rrJIOCKOM AHCKe, rrOABep)J(eHHoM AeHcTBHIO

OAHOOCHoro pacTlI)J(eHHlI. YCHJIlIIOII.\HH MaTepHarr pacrrOJIo)J(eH TOJIbKO Ha KpaIO OTBepcTHlI B 06JIaCTlIX

3Ha'IHTeJIbHbIX HarrplI)J(eHHH. B BHAY Toro, 'iTO yCHJIeHHe npePbIBHoe, ero BeJIH'l.HHa, H3MeHlIeMalI c APyroH

OTBepcTHlI, rrpeAcTaBAlIeTclI AJIlI paC'ieTa HarrplI)J(eHHH plIAaMH cPYPbe. OrrpeAeJIlIIOTClI HanplI)J(eHHII, nyTeM

HCnOJIb30BaHHlI B BHAe PIIAOB AByX cPYH~HH rrOTeH~Harra. PlIAbI MO)J(HO yce'ib B TO'iKe, rrOCJIe KOTOPOH

HHKaKHe Ao6aBO'iHble 'iJIeHbI He BJIHIIIOT CYII.\ecTBeHHO Ha BeJIH'iHHY Harrpll)J(eHHil:. .ll:aIOTclI 'lHCJIeHHbIe

3Ha'ieHHII AJIlI CJIy'iali KpyrJIOro OTBepcTHll, c pa3HbIMH THrraMH yCHJIeHHII. OKaHlfaTeJIbHO, rrOKa3bIBaeTCII,

'!.TO rrpeAJIaraeMbIH THrr yCHJIeHHII MO)J(eT rrpHHecTH rrpH6JIH3HTeJIbHO 60-70% 3KOHOMHH BeCa, 30-35 %
3KOHOMHH B CBapKe H B6JIH3H 10% 3KOHOMHH peAYKQHH MaKCHMaJIbHOrO HarrpJl)J(eHHlI, no cpaBHeHHIO C

06bI'iHO pacrrorrO)J(eHHbIM YCHrreHHeM BOKpyr BCero OTBepcTHII.


